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ABSTRACT

We explore a simple spherical model of optically thin accretion on a Schwarzschild black hole, and
study the properties of the image as seen by a distant observer. We show that a dark circular region
in the center — a shadow — is always present. The outer edge of the shadow is located at the photon
ring radius bph ≡

√
27rg, where rg = GM/c2 is the gravitational radius of the accreting mass M .

The location of the shadow edge is independent of the inner radius at which the accreting gas stops
radiating. The size of the observed shadow is thus a signature of the spacetime geometry and it is
hardly influenced by accretion details. We briefly discuss the relevance of these results for the Event
Horizon Telescope image of the supermassive black hole in M87.
Keywords: accretion, accretion disks — black hole physics — gravitation — gravitational lensing:

strong – galaxies: nuclei: M87

1. INTRODUCTION

Recently, the Event Horizon Telescope (EHT) obtained
an ultra high angular resolution image of the accretion
flow around the supermassive black hole in M87 (The
Event Horizon Telescope Collaboration 2019a,b,c,d,e,f;
hereafter EHT1-6). The image shows a bright ring of
emission surrounding a dark interior (EHT4). The pres-
ence of such a dark central region was predicted by Fal-
cke et al. (2000), who termed it the “shadow of the black
hole.”
The shadow phenomenon is caused by gravitational

light deflection – gravitational lensing – by the black hole.
Lensing by a black hole was studied earlier in the context
of an extended background source (Bardeen 1973) and
for a geometrically thin, optically thick accretion disk
(Luminet 1979). When the accretion flow produces ra-
diation all around the black hole and the gas is optically
thin to its own radiation, Falcke et al. (2000) (see also
Jaroszyński & Kurpiewski 1997) showed that lensing still
produces a dramatic signature in the form of a shadow.
They noted that the effect should be visible in Sagittar-
ius A∗, the supermassive black hole at the center of our
Galaxy, which is known to have a hot optically-thin ac-
cretion flow. Similar hot accretion flows are found around
many supermassive black holes in the universe (Yuan &
Narayan 2014), including the black hole in M87. All of
these objects are natural candidates to reveal shadows in
their images. The discovery by the EHT of a shadow-like
feature in the image of M87 is thus verification of a fun-
damental prediction of general relativity in the regime of
strong lensing.
As described in many previous studies, the outer edge

of the shadow in a black hole image is located at the
“photon ring,” which is the locus of rays that escape
from bound photon orbits around the black hole to a
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distant observer. The photon ring, as defined here, was
called the “apparent boundary” by Bardeen (1973) and
the “critical curve” by Gralla et al. (2019). The latter
authors questioned whether the EHT did in fact see a
shadow surrounded by the photon ring in M87; they pre-
sented some models in which the details of the accretion
flow seemed to matter more than any particular relativis-
tic phenomenon such as the photon ring.
In this paper we use a simple spherical model of black

hole accretion to study the properties of the shadow and
the photon ring. After some preliminaries in §2, we dis-
cuss in §3 a Newtonian model to clarify the notion of the
shadow of an optically thin accretion flow in flat space.
We then consider in §4 and §5 two general relativistic
models that use the Schwarzschild spacetime. We show
that the shadow is a robust feature of these latter models
and that its size and shape are primarily influenced by
the spacetime geometry, and not by details of the accre-
tion. We conclude in §6 with a discussion.

2. TERMINOLOGY AND NOTATION

We consider spherical accretion on a gravitating object
of mass M . We use rg = GM/c2 as our unit of length
and c2 as our unit of energy. In the case of the Newtonian
model (§3), we take the radius of the central mass to be
2rg and assume flat spacetime exterior to the surface. We
also assume that any light rays that fall on the surface
are completely absorbed.
For the general relativistic model (§4, §5), we consider

a Schwarzschild black hole with spacetime metric

ds2 = gttdt
2 + grrdr

2 + r2dθ2 + r2 sin2 θ dφ2, (1)

where t is time, r is radius, and

gtt = −
(

1− 2

r

)

, grr =

(

1− 2

r

)

−1

. (2)

The horizon of the black hole is at r = 2, and the space-
time has an unstable circular “photon orbit” at radius

rph = 3. (3)

A finely tuned photon at the photon orbit could, in prin-
ciple, orbit the black hole an infinite number of times.
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However, since the orbit is unstable, any slight perturba-
tion would cause the photon either to fall into the black
hole or to escape to infinity. The photons that escape are
seen by a distant observer to have an impact parameter
bph with respect to the mass M , where

bph =
√
27 ≈ 5.2. (4)

We refer to the circle in the observer’s sky with radius
bph, centered on M , as the “photon ring.”

3. NEWTONIAN MODEL

In Newtonian gravity, the potential energy of accreting
gas varies with radius r as −1/r. Hence, we consider the
following physically reasonable model of the power per
unit volume PN (erg cm−3s−1) radiated by the gas,

PN(r) =
1

4πr4
, r ≥ 2. (5)

This is bolometric power, integrated over frequency. The
total luminosity Lemit(r) emitted between radius r and
infinity is

Lemit(r) =

ˆ ∞

r

PN(r
′) 4πr′2dr′ =

1

r
, (6)

i.e., proportional to the total potential energy drop from
infinity to r, as is reasonable for accretion. The luminos-
ity of an accretion flow depends of course on the mass
accretion rate, so we ought to multiply PN by a propor-
tionality constant. However, under the fully optically
thin conditions we consider in this paper, none of the
results depend on the constant, so for simplicity we ig-
nore it. The emission coefficient per unit solid angle jN
(erg cm−3s−1ster−1) in this model is

jN(r) =
PN(r)

4π(ster)
=

1

16π2r4
, r ≥ 2. (7)

Since the gas is optically thin, rays can travel arbi-
trarily large distances without being absorbed or scat-
tered. However, not all of the emitted radiation escapes
to infinity; any ray that intersects the “surface” of the
central object at r = 2 is absorbed and lost. In the
Newtonian approximation considered in this section (flat
space), rays travel in straight lines. Hence for radiation
emitted at radius r, the solid angle corresponding to rays
that are lost is 2π(1 − cos θ), while that of rays that es-
cape to infinity is 2π(1 + cos θ), where sin θ = 2/r. Thus
the net luminosity observed at infinity is

L∞ =

ˆ ∞

2

jN(r) 2π

[

1 +

√

1−
4

r2

]

4πr2dr (8)

=
1

4
+

π

16
≈ 0.45.

We are interested in the image that a distant observer,
located say on the z-axis, would see. For this, we com-
pute the observed intensity I(b) (erg cm−2s−1ster−1) as
a function of impact parameter b. For b ≥ 2, this is given
by

I(b) =

ˆ ∞

−∞
jN

(

√

b2 + z2
)

dz =
1

32πb3
, b ≥ 2, (9)

Figure 1. Left: Shows the intensity profile I(b) as a function of
the impact parameter b as seen by a distant observer for a spheri-
cally symmetric problem. The curves correspond to the Newtonian
model (black), Schwarschild spacetime with radiating gas at rest
(green) and Schwarzschild spacetime with radially free-falling gas
(red). Right: The two Schwarzschild models shown on an expanded
vertical scale.

while for smaller impact parameters it is given by

I(b)=

ˆ ∞

√
4−b2

jN

(

√

b2 + z2
)

dz (10)

=
1

32π2b3
tan−1

(

b
√
4− b2

)

−
√
4− b2

128π2b2
, b < 2.

The black curve in Fig. 1 shows the radial intensity pro-
file I(b) for this Newtonian model, and the left panel in
Fig. 2 shows the two-dimensional image seen by a distant
observer. The intensity increases monotonically with de-
creasing impact parameter as 1/b3, until it reaches a
maximum value equal to 1/256π at the edge of the cen-
tral object (b = 2). Inside this critical impact parame-
ter, the intensity drops suddenly by a factor of 2 since
the line-of-sight terminates on the surface of the central
mass and one no longer sees emission from the far side.
It then continues to decrease inward and reaches a value
of 1/384π2 ≈ 2.64× 10−4 at b = 0. The intensity at the
center is 4.7 times lower than the peak intensity at b = 2.
The dark region inside b = 2 is what we term the

“shadow” in the image. It is not a totally dark shadow
with zero intensity, such as would be observed if the ra-
diating gas were entirely behind the mass. Since we have
radiating gas all around the mass, the image has some in-
tensity even for lines-of-sight that intersect the surface of
the central mass. Nevertheless, the shadow is a distinct
feature. Its radius is well-defined and could be measured
by a distant observer with sufficiently good angular res-
olution. In this Newtonian problem, the shadow has a
radius equal to 2.
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of the emission toward the horizon, resulting in (3) low
surface brightness on lines of sight that intersect the hori-
zon: the shadow of the black hole.
An important observable signature that constrains

non-spherical models is the presence of angular momen-
tum in the accreting gas. This causes a Doppler asym-
metry in the intensity distribution around the ring of
emission outside the shadow. An azimuthal brightness
asymmetry exceeding 2:1 is clearly seen in the observed
image of M87 (EHT4) and also in model images based
on GRMHD simulations (EHT5). Because M87 is viewed
largely pole-on (the inclination angle is estimated to be
17◦, cf, Walker et al. 2018), the brightness asymmetry
from rotation in a disk is relatively weak.
Another feature of real accretion that is not captured

by our spherically symmetric model is the presence of
outflows. Hot accretion flows tend to have inward accre-
tion in more equatorial regions and outflows closer to the
poles. Indeed, M87 has a powerful jet, which extends out
to very large distances (Walker et al. 2018). At radii of
interest to us (r ∼ few), the outward gas velocity in the
polar regions is expected to be sub-relativistic; in fact,
if these radii are inside the “stagnation surface,” the gas
may even be flowing in towards the black hole (e.g., Pu
et al. 2017). Regardless, the Doppler deboosting which
causes the shadow to be so dark in our radial infall mod-
els (Fig. 4) will be less pronounced or even absent in the
polar regions. This might cause the contrast between the
shadow and its exterior to be less pronounced (examples
may be seen in EHT5).
Yet another practical matter is that observations never

have the infinite angular resolution needed to identify
precisely the edge of the shadow. With a finite resolu-
tion, one sees a blurred version of the image, where the
emission ring one observes outside the shadow is a con-
volution of the intrinsic image intensity distribution I(b)
and the point-spread function of the measurements. This
often causes the peak of the ring to shift outward to a
somewhat larger radius (by about 10%) than the pho-
ton ring radius bph. This effect and its uncertainties can
be quantified using simulations, and EHT6 included it in
the estimation and error budget for the mass of the black
hole in M87.
Because our interest in this paper is the shadow, we

focused only on the role the photon ring plays as the lo-
cation where the shadow terminates. Another property
of the photon ring is that it is a place where the image
intensity can become large. An enhancement of the ob-
served intensity happens whenever there is radiating gas
in the vicinity of the photon orbit rph, and the gas is
optically thin. This effect is seen, for instance, in the
green and red curves in Fig. 1, in the three models with

rin = 2, 2.5, 3 in Fig. 5 (but not the other three models),
and also in simulation images in EHT5. The integrated
excess flux in the sharp intensity peak is not very large
because the divergence is only logarithmic. However, the
sharpness of the peak produces a strong and robust sig-
nature in Fourier space, opening up the possibility of
making precise measurements of the photon ring with
very long baseline interferometry in space (Johnson et
al. 2019).
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